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Three-dimensional Weyl and Dirac semimetals can support a chiral-symmetry-breaking, fully
gapped, charge-density-wave order even for sufficiently weak repulsive electron-electron interactions,
when placed in strong magnetic fields. In the former systems, due to the natural momentum space
separation of Weyl nodes the ordered phase lacks the translational symmetry and represents an
axionic phase of matter, while that in a Dirac semimetal (neglecting the Zeeman coupling) is only
a trivial insulator. We present the scaling of this spectral gap for a wide range of subcritical (weak)
interactions as well as that of the diamagnetic susceptibility with the magnetic field. A similar
mechanism for charge-density-wave ordering at weak coupling is shown to be operative in double
and triple-Weyl semimetals, where the dispersion is linear (quadratic and cubic, respectively) for
the z (planar) component(s) of the momentum. We here also address the competition between
the charge-density-wave and a spin-density-wave orders, both of which breaks the chiral symmetry
and leads to gapped spectrum, and show that at least in the weak coupling regime the former is
energetically favored. The anomalous surface Hall conductivity, role of topological defects such as
axion strings, existence of one-dimensional gapless dispersive modes along the core of such defects,
and anomaly cancellation through the Callan-Harvey mechanism are discussed.
PACS numbers: 71.10.Di, 14.80.Va, 11.10.Jj
I. INTRODUCTION
Three dimensional Weyl semimetals (WSMs) represent
topologically nontrivial gapless systems that support lin-
early dispersing quasiparticle excitations with opposite
chiralities in the vicinity of two so-called Weyl points
that are separated in the momentum space [1]. If Weyl
fermions choose to reside at the same point in the Bril-
louin zone (BZ), which can occur at the transition point
between storng Z2 topological and trivial band insulators
[2–8], the configuration is dubbed as Dirac semimetal
(DSM). Due to momentum space separation of Weyl
nodes, the time reversal and/or the inversion (parity)
symmetry is broken in WSMs, which can then lead to pe-
culiar electrodynamic responses, such as chiral-magnetic
effect and anomalous Hall conductivity [9–18].
Similar to monolayer graphene, three-dimensional
WSMs or DSMs are also extremely robust against weak
electron-electron interactions, due to the vanishing den-
sity of states [D(E) ∼ E2] near the apex of conical dis-
persions [19]. Nevertheless, if interactions are sufficiently
strong, they can undergo phase transitions and enter into
fully gapped massive phases [20, 21]. However, the requi-
site interaction strength for such instabilities may be too
high to realize any ordering in the pristine system. How-
ever, the application of strong magnetic fields can trigger
the ordering tendencies even for weak interactions.
Placed in a magnetic field (B), the linear dispersion
in WSM or DSM quenches into a set of Landau lev-
els (LLs), and in particular the zeroth LL (ZLL) for
the left and right chiral fermions are composed of non-
∗ Corresponding author: broy@umd.edu
degenerate and spin-polarized one-dimensional disper-
sive modes with energies ±vkz, respectively, where v is
the quasiparticle Fermi velocity. For the sake of sim-
plicity, we here assume the spectrum to be isotropic.
Therefore, weak enough electron-electron interaction can
hybridize the one-dimensional chiral ZLLs and develop
a chiral-symmetry-breaking (CSB) spectral gap at the
Weyl points [22, 23]. Similar instability may also oc-
cur within the ZLL of three dimensional non-relativistic
Fermi liquids, when placed in strong magnetic fields [24].
Due to the momentum space separation of Weyl nodes,
the CSB mass breaks the translational symmetry and
represents a charge-density-wave (CDW) order [11, 25].
The CDW order in WSMs stands as an example of ax-
ionic state of matter that supports dynamic magneto-
electric effect, captured by the E · B term and its co-
efficient is tied with the separation of Weyl points [25].
The accompanying massless Goldstone mode or the slid-
ing mode in CDW phase is known as axion. On the other
hand, in DSMs the CSB order corresponds to a trivial in-
sulator (neglecting the Zeeman coupling) since the Dirac
points reside at the same point of the BZ.
We also address the competition between the axionic
CDW and a spin-density-wave (SDW) orders. Both of
them can led to a spectral gap within the ZLL. How-
ever, we show that while the CDW order pushes down
all filled LLs (placed below the chemical potential), the
SDW order causes spin-splitting of the filled LLs. Thus
we believe (at least for sufficiently weak interactions) that
CDW order is energetically favored over SDW.
At the quantum critical point between the topologi-
cal and the normal insulators (in class AII), the Zeeman
coupling (g˜) in a trivial DSM can give rise to left and
right chiral fermions at isolated points in the BZ. Re-
cent time has also witnessed the discovery of topological
ar
X
iv
:1
40
6.
45
01
v3
  [
co
nd
-m
at.
me
s-h
all
]  
24
 D
ec
 20
15
DSMs (two copies of superimposed WSMs protected by
time-reversal, inversion and four-fold rotational symme-
tries [26]) in Cd3As2 [27], Na3Bi [28]. In the presence
of magnetic fields, the Zeeman coupling can separate the
Weyl nodes in trivial and topological DSMs and support
a WSM [29]. Various other proposals for realizing WSMs
in condensed matter systems include pyrochlore iridates
with antiferromagnet ordering [30], multilayer configura-
tion of topological and normal insulators [10, 12], and
magnetically doped topological insulators [31, 32] etc.
But, their experimental realization remains elusive so
far. Rather in recent past material realization of WSMs
has been confirmed in inversion-asymmetric TaAs [33–
35], NbAs [36], TaP [37], and time-reversal-symmetry
breaking YbMnBi2 [38], Sr1−yMnSb2 [39]. Therefore,
proposed many-body axonic ground state can possibly be
observed in these materials in near future when these sys-
tems are placed in strong magnetic fields and we present
the scaling behavior of the such order for a wide range of
subcritical interaction with the magnetic field. Forma-
tion of a spectral gap at Weyl points can lead to mea-
surable consequences in various physical quantities and
here we address its impact on diamagnetic susceptibility
(DMS). Since WSMs lives at the upper critical dimen-
sions (dup = 3), the scaling of the mass gap and DMS
display logarithmic corrections as B → 0.
Our proposed mechanism for the generation of the
axionic CDW order at weak coupling in the presence
of strong magnetic field remains operative among the
other members of the Weyl family, such as double-WSM
and triple-WSM. Respectively these two systems support
two- and three-fold degenerate, spin-polarized chiral-
ZLL. Thus sufficiently weak interaction can hybridize
them and give rise to a CDW order, and we expect that
such broken symmetry phase can be realized in various
double-WSM, such as HgCr2Se4 [40–42], SrSi2 [43].
In this work we address the correction to anomalous
transport properties in various members of Weyl family
in the presence of axionic CDW order. In the uniform
phase the axionic CDW order gives rise to anomalous
charge transport on the surface, which receive contribu-
tion from the one-dimensional chiral surface states as well
as from bulk scattered stated, the gapped ZLLs. In the
ordered phase the axionic CDW can also accommodate
topological defects, such as line-vortex, also known as the
axion string. We here show that such topological defects
hosts gapless one-dimensional dispersive mode in its core.
Such gapless mode carry dissipationless current, which in
turn is supplied radially from the bulk, according to the
Callan-Harvey mechanism.
We now promote the organization principle for rest of
the paper. In the next section, we derive the LL spec-
trum in WSMs, discuss the possibility of realizing var-
ious broken-symmetry phases and the competition be-
tween the CDW and the SDW orders at weak coupling.
Sec. III is devoted to address the change renormaliza-
tion and diamagnetic susceptibility in the presence of a
spontaneously generated spectral gap at the Weyl nodes.
In Sec. IV, we analyze the scaling behavior of the spec-
tral gap and compare our results with a recent experi-
ment. Generalization of magnetic catalysis mechanism
for other members of the Weyl family (such as double-
and triple-WSM) is discussed in Sec. V. Discussions on
chiral anomaly, anomalous transport, role of topological
defects, Callan-Hervey mechanism in the axionic CDW
phase are presented in Sec. VI. We summarize our find-
ings in Sec. VII. The derivation of the gap equation in the
presence of magnetic fields is relegated to the Appendix.
II. LANDAU LEVELS AND MAGNETIC
CATALYSIS
We begin the discussion with the computation of the
LL spectrum in WSMs. Let us define a four-component
spinor Ψ>(~k) = [ΨL(~k),ΨR(~k)], where ΨX(~k) are two
component spinors, organized as Ψ>X(~k) = [ΨX,↑(± ~Q +
~k),ΨX,↓(± ~Q+~k)] for X = L,R. Weyl nodes are located
at ± ~Q, where nondegenerate, linearly dispersing left (L)
and right (R) chiral bands cross zero-energy, respectively,
and ↑, ↓ are the Kramers partners or two spin projections.
For the sake of simplicity, we choose ~Q = Qzˆ, whereas
in pristine DSMs | ~Q| = 0. Response of these systems to
electromagnetic fields ( ~A) is captured by the Hamiltonian
H[ ~A,~a] =
3∑
j=1
iγ0γj(vkˆj − eAj − g˜ ajγ5), (1)
in the low energy limit, where e is the electronic charge.
Mutually anticommuting γ matrices are γ0 = τ1 ⊗ σ0,
γ5 = τ3 ⊗ σ0, and γj = τ2 ⊗ σj for j = 1, 2, 3. τ0(σ0) and
τj(σj) are respectively the two dimensional identity and
standard Pauli matrices, operating on the chiral(spin) in-
dex. The external magnetic field ~B(= ~∇× ~A) = Bzˆ is set
to be along the z-direction. In Eq. (1), we have allowed
the axial vector potential a3 = B that supports Weyl
points at ± ~QZ , where ~QZ = g˜Bzˆ (say) [29, 45]. For ex-
ample, at the quantum critical point between topological
and trivial insulators a massless Dirac fermions are re-
alized at ~k = (0, 0, 0) point and application of magnetic
field gives rise to Weyl points at ± ~QZ . The explicit de-
pendence on the axial vector potential from Eq. (1) can,
however, be eliminated by setting ~Q = ~QZ in the spinor
definition of Ψ(~k).
The orbital coupling of the uniform magnetic field sup-
ports a set of LLs at energies ±√2nB + v2k2z [setting
aj = 0 in Eq. (1)] for n = 0, 1, · · ·, with degeneracy per
unit area
2−δn,0
2pil2B
, where lB ∼ 1√eB is magnetic length.
The spin-polarized ZLL contains two branches of one-
dimensional dispersive modes with energies ±vkz. The
ZLLs are eigenstates of γ5, the generator of chirality, with
eigenvalues ±1. In the continuum description γ5 is also
the generator of U(1) translational symmetry in WSMs
and [H[ ~A,~a], γ5] = 0. An infinitesimal interaction can,
therefore, hybridize the left and the right chiral ZLLs,
and develop a mass gap at the Weyl points through a
BCS-like mechanism (due to effective dimensional reduc-
tion of the system in the magnetic field). Such mecha-
nism is known as magnetic catalysis [22, 23].
To gain insight into the nature of the CSB order, we
consider a generic effective single-particle Hamiltonian
H[~m,~n,Q3] = H[ ~A, 0] +m1γ0 +m2iγ0γ5
+ n1γ3 + n2iγ5γ3 +Q3iγ0γ3γ5, (2)
where ~m = (m1,m2) = |∆| (cosφ, sinφ) is the com-
plex CDW order parameter, and φ is the U(1) angle.
Eigenvalues of H[~m, 0, 0] are ±√2nB + v2k2z + |∆|2 for
n = 0, 1, · · ·. Therefore, ∆ introduces a spectral gap
within the ZLL (n = 0), and in addition also pushes all
the filled LLs (n ≥ 1) at negative energies further down.
Hence, formation of Dirac masses within the ZLL is en-
ergetically quite favored.
In WSMs non-degenerate left and right chiral fermionic
excitations live around ± ~Q, hence
∆ ∼ exp(−2i ~Q · ~r) 〈c†~Q c−~Q〉,
represents a translational symmetry breaking CDW or-
der, with periodicity 2 ~Q. Breaking of translational sym-
metry can be appreciated from the anti-commutation re-
lation among two mass matrices appearing in Eq. (2) and
the generator of translation {γ0, γ5} = {iγ0γ5, γ5} = 0.
Such translational symmetry breaking order can arise
from the four-fermion interaction
HCDWint = g
[(
Ψ†γ0Ψ
)2
+
(
Ψ†iγ0γ5Ψ
)2]
, (3)
which corresponds to the celebrated Nambu-Jona-Lasinio
model for mass generation of relativistic fermions
through spontaneous chiral symmetry breaking [44].
Next we discuss the effect of the terms proportional to
n1, n2 in Eq. (2). The spectrum in the effective Hamilto-
nian H[0, ~n, 0] is given by ±
√(√
2nB + σN
)2
+ v2k2z for
σ = ±, where N =
√
n21 + n
2
2. Degeneracy of the LLs is
1
2pil2B
for n = 0, 1, · · ·. The four-fermion interaction that
supports such order is
HSDWint = g
′
[(
Ψ†γ3Ψ
)2
+
(
Ψ†iγ3γ5Ψ
)2]
. (4)
The fermionic bilnears 〈Ψ†γ3Ψ〉 = n1, 〈Ψ†iγ5γ3Ψ〉 = n2
represent two components of a translational symmetry
breaking SDW order, which gaps out the ZLL (n = 0),
but spits the filled LLs, placed below the chemical po-
tential. Therefore, the SDW order, although introduces
a spectral gap within the ZLL, is expected to be energet-
ically inferior to the CDW order, which besides gaping
the ZLL out, also pushes down the filled LLs. Therefore,
we strongly believe that the CDW is the natural ground
state in WSMs, when they are placed in strong magnetic
field, at least for weak interactions. Thus, from now on
we only focus on the CDW order.
In Eq. (2) we also allowed a term (∼ Q3) that can
be dynamically generated by electronic interactions and
renormalize the location of Weyl points [45]. Following
the same procedure, described above, Q3 can be elimi-
nated from Eq. (2) by taking Qzˆ → (Q + Q3)zˆ in the
definition of spinor Ψ(~k). However, a finite Q3 modifies
the periodicity of CDW order to 2(Q + Q3)zˆ [46]. The
four-fermion interaction g5
(
Ψ†iγ0γ3γ5Ψ
)2
can, in prici-
ple, renormalize the location of the Weyl nodes, where
Q3 ∼ g5(lB)〈Ψ†iγ0γ3γ5Ψ〉, where g5(lB) is the strength
of four-fermion interaction g5 at the scale lB .
Formation of the CDW order can also take place when
the system is placed slightly away from the charge-
neutrality point. A CDW order, with periodicity 2|Q +
|µ|
v | develops in WSMs at finite chemical doping (µ), at
least when |µ| < √2B. In Cd3As2, Na3Bi the field in-
duced (by Zeeman coupling) Weyl nodes are located at
(±Q0±Qz)zˆ [47]. Hence, the periodicity of field induced
CDW order in these topological DSMs is 2|Qz| (assuming
the periodicity of the CDW order is unique). The peri-
odicity of the CDW order can be measured by scanning
tunneling microscope, for example. If we completely ne-
glect the Zeeman coupling and set Q3 = 0 in DSM, one
enjoys the liberty of setting φ = 0 and ∆(= m1) then
represents a trivial Dirac mass. However, scaling of DMS
(χ) and mass gap (∆) is insensitive to the exact nature
of the CDW ordering.
III. CHARGE RENORMALIZATION AND
DIAMAGNETIC SUSCEPTIBILITY
We now analyze the effects of mass generation near the
Weyl points in the presence of magnetic fields on DMS
and renormalization of electric charge and magnetic field.
In magnetic fields, the free energy density (F ) of the
system scales as F ∼ √eB/l3B , where
√
eB is LL energy,
and thus F ∼ (eB)2. Hence, a naive scaling argument
indicates a constant DMS (χ) in WSMs. However, free
energy and DMS receive logarithmic corrections, since
the system lives at upper critical dimension, which we
capture pursuing a field theoretic approach [48, 49]. For
simplicity, we consider a constant CSB mass (∆). The
DMS then acquires contribution only from the higher LLs
(n ≥ 1) and the free energy is given by
F =
(
− 1
pil2B
)
×
∫ ∞
−∞
dkz
2pi
∞∑
n=1
√
v2k2z + ∆
2 + n
2v2
l2B
=
(
− v
pil2B
)
× lim
→0
∫ ∞
−∞
dkz
2pi
∞∑
n=1
[
2
l2BΛ
2
[
k2z l
2
B
2
+
∆2l2B
2v2
+ n
]] 1
2− 2
=(
− v
2
2pi2l4B
)
×
[
2Hζ(−1, 1 + ∆2R)

+
{
log
(
Λ2l2B
2
)
+ 0.386
}
×Hζ(−1, 1 + ∆2R) +Hζ ′(−1, 1 + ∆2R)
]
=
(
v2
24pi2l4B
)
×
(
2

F1(∆R) +
[
log
(
Λ2l2B
2
)
+ 0.386
]
F1(∆R)− F ′1 (∆R)
)
, (5)
where Λ is the ultraviolet (UV) cutoff for the conical
dispersion in WSM, ∆R =
∆lB√
2v
, and Hζ is the Hurwitz
zeta function. The function
F1(x) = −12Hζ[−1, 1 + x2], (6)
with F1(0) = 1 and its scaling is shown in Fig. 1. The
term proportional to 1 can be identified as the logarith-
mically divergent piece in the free energy, which can be
removed through the renormalization of electric charge
(e) and magnetic field (B) according to
e2R = e
2
[
1− e
2v
12pi2
F1(∆R) × 1

]
, (7)
B2R = B
2
[
1 +
e2v
12pi2
F1(∆R) × 1

]
(8)
where the quantities with subscript R represent their
renormalized values. The logarithmic correction in the
free-energy is determined by the largest energy scale
among
√
eB and ∆, which sets the infrared cut-off of the
theory. For weak interactions
√
eB  ∆, and the loga-
rithmic correction is given by log(B0/B), where B0 ∼ Λ2
is the magnetic field associated with lattice spacing.
The finite part of free energy gives DMS
χ =
(
− e
2
Rv
24pi2
) [
F1(∆R) log
(
B0
B
)
+ F2(∆R)
]
, (9)
where the function
F2(x) = 12
[
0.31Hζ[−1, 1 +x2]−Hζ ′(−1, 1 +x2)]. (10)
Scaling of F2(x) is shown in Fig. 1 and F2(0) = 1.68.
Therefore, DMS in WSMs in addition to a constant value
also manifests a logarithmic enhancement as B → 0,
which can be measured in the small field limit. In addi-
tion, Eq. (9) suggests that DMS, besides the logarithmic
correction, acquires non-trivial contributions due to the
gap generation in magnetic field (see Fig. 1). We expect
such corrections to DMS can be seen in experiments.
IV. SCALING OF SPECTRAL GAP
In the previous section, we assumed that the spec-
tral gap at the Weyl point is insensitive to the strength
of the magnetic field. However, the CSB mass dis-
plays nontrivial dependence on magnetic field and inter-
action strength, which we explore in this section. The
qualitative behavior of DMS remains same, even when
∆ = ∆(B).
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FIG. 1. (Color online) Scaling of two functions F1 and F2,
appearing in the expression of DMS [see Eq. (9)], with ∆R.
The condensation energy in the presence of the CSB
order is
E =
∆2
4g
−
∫ ∞
−∞
dkz
2pi
∞∑
n=0
(2− δn,0)
√
2nB + v2k2z + ∆
2
2pil2B
.
(11)
We here consider only the short-range component (g) of
Coulomb interaction that supports CSB order. Minimiz-
ing E with respect to ∆, we obtain the gap equation [50]
1
g
= B
∫ ∞
Λ−2
ds
s
e−s∆
2
coth(sB), (12)
after completing the integral over kz and taking 2pi
2/g →
1/g. A detailed derivation of the gap equation is avali-
able in the Appendix. The right hand side of the
above equation discerns an UV divergence as we take
Λ → ∞, which can be regularized by introducing a
quantity δ = (gΛ2)−1 − (gcΛ2)−1 that measures the
deviation from the zero magnetic field critical strength
of the interaction (gc) for the CSB ordering, defined
as g−1c =
∫∞
0
dxK(x)/x2. The function K(x) satisfies
K(x → 0/∞) = 0/1, otherwise arbitrary. In terms of
dimensionless gap ∆vΛ → m( 1) and magnetic field
B
Λ2 → B( 1), the gap equation simplifies to
δ + I1(m,B) + I2(m,B) +O(m6, B4, y−4) = 0, (13)
where
I1(m,B)
2B
= a− b
y2
+
c
y3
− y + 1
2y
[
log(2B)−B + B
2
6
]
,
I2(m,B)
B
= γE + 2 log(m)−m2 + m
4
4
, (14)
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FIG. 2. (Color online) Scaling of CSB mass (m) with the
magnetic field (B) for interaction strength, decreasing from
top to bottom, parametrized by δ(= (gc − g)/ggcΛ2) = 0,
0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07. Here, m is measured
in units of vΛ, and B in units of B0 ∼ Λ2, magnetic field
associated with the lattice spacing (a ∼ 1/Λ).
and y(= B/m2)  1, for subcritical (g < gc or δ > 0)
strength of the interaction. γE is the Euler-Mascheroni
constant, and a = 0.63, b = 0.21, c = 0.05 (see Ap-
pendix). Numerical solutions of the above gap equations
for a wide range of subcritical interaction are presented in
Fig. 2. The mass gap acquires logarithmic corrections as
B → 0, since the system lives at upper critical dimension
(du = 3).
So far we have considered only the short-range pieces
of the Coulomb interaction, and neglected its long range
tail since dielectric constant in semiconductors are typ-
ically very high (∼ 10 − 30). Weak long range inter-
action is a marginally irrelevant perturbation in WSMs
and gives rise to logarithmic correction to Fermi velocity
(v) [49, 51, 52] according to v ≈ v0 [1 + α log (B/B0)] in
magnetic fields, where v0 is bare Fermi velocity and α
is the fine structure constant. Therefore, mass gap (m)
also acquires additional logarithmic correction, since m is
here measured in units of vΛ [50]. The DMS (χ), quoted
in Eq. (9), also receive additional logarithmic correction
from the long range tail of the Coulomb interaction, as
χ is expressed as function of ∆R = ∆lB/(
√
2v).
In a recent experiment, LL quantization has been ob-
served in Cd3As2 [53]. However, the crystal has been
cleaved along a low symmetry axis (112), and conse-
quently the underlying C4 symmetry, protecting the gap-
less semimetallic phase [26], is lost. Therefore, even the
non-interacting Hamiltonian gives rise to a gap in the
spectrum, which possibly scales as mb = m0B, and m0
is chosen such that at B = 12T, mb produces a non-
interacting gap 1.4 meV, in qualitative agreement with
Ref. 53. Performing self-consistent calculation of total
gap mt = m + mb we find that for weak magnetic fields
the non-interacting gap mb dominates over interaction
driven mass gap (m), that overwhelms the former contri-
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FIG. 3. (Color online) Scaling of the difference between the
total gap mt(= mb +m) and the interaction driven gap (m),
∆m = mt −m as a function of dimensionless magnetic fields
B = B/Λ2, for δ = 0.01 (red), 0.02 (black), 0.03 (blue), 0.04
(magenta), 0.05 (cyan).
bution at stronger fields. Such crossover takes place at
stronger magnetic fields as the interaction gets weaker,
as shown in Fig. 3.
Cd3As2, Na3Bi cleaved along high-symmetry axis, so
that underlying C4 symmetry is preserved, provides the
ideal situation to observe only interaction induced gap
at Weyl points. Alternatively, one can also compare the
scaling of this gap with magnetic field at different tem-
peratures. At high temperature the gap is determined by
its non-interacting component (mb), which is expected to
scale linearly with the magnetic field, whereas at suffi-
ciently low temperatures interaction driven gap (m) can
take over mb. Notice the critical temperature for CDW
transition is Tc ∼ exp(−1/[gD(B)]), where D(B) is the
density of states of the ZLL (BCS-scaling). Thus sub-
tracting B-linear piece of the gap, obtained from its high
temperature scaling, one can extract the scaling behavior
of the interaction induced gap in magnetic fields at low
temperatures. Therefore, CSB mechanism for insulation
in WSMs can be identified from the temperature depen-
dence of magnetic field induced gap [53] and also from
the scaling of DMS.
V. MAGNETIC CATALYSIS IN DOUBLE- AND
TRIPLE-WEYL SEMIMETALS
The magnetic catalysis for gap formation in WSMs
at weak coupling remains operative for other members
of the Weyl family, such as double- and triple-WSMs.
Respectively, these two systems display quadratic and
cubic dispersions in the x−y plane and a linear dispersion
along the z-direction in the vicinity of Weyl nodes at ± ~Q.
For example, double-WSMs can be realized in HgCr2Se4
[40–42] and SrSi2[43], although the material realization of
triple-WSM remains illusive so far. The bulk topological
invariants in double- and triple-WSMs are respectively
twice and thrice that in WSM, and consequently the the
one-dimensional chiral surface states carry additional two
and three fold degeneracy.
The low-energy Hamiltonian in double-WSMs, placed
in a magnetic field ~B = Bzˆ, reads as
H2[ ~A] = iγ0
[
γ1
(
pi2x − pi2y
2m∗
)
+ γ2
(
2pixpiy
2m∗
)
+ γ3vkz
]
,
(15)
where pij = (−i∂j −Aj) and m∗ is the effective mass of
the parabolic dispersion in x− y plane. The spectrum of
LLs goes as ±√n(n− 1)ω2c + v2k2z for n = 0, 1, 2, · · ·,
where ωc is cyclotron frequency. Therefore, double-
WSMs also host one dimensional spin-polarized chiral
ZLLs, which, however, carry an extra two-fold orbital
degeneracy (for n = 0, 1) [54]. Hence, weak repulsive in-
teractions can hybridize the chiral ZLLs and a CSB gap
(∆) opens up at the double-Weyl points. The ZLL are
then placed at ±√v2k2z + ∆2.
The effective Hamiltonian for tripple-WSM reads as
H3[ ~A] = iγ0
[
γ1
pi3+ + pi
3
−
Γ
+ γ2
pi3+ − pi3−
Γ
+ γ3vkz
]
,
(16)
in a magnetic field ~B = Bzˆ, where the parameter
Γ controls the curvature of the cubic dispersion, and
pi± = pix ± ipiy. The spectrum of LLs is given by
±
√
l−6B
Γ2 n(n− 1)(n− 2) + v2k2z . Hence, the chiral-ZLL
in triple-WSM carries a three-fold orbital degeneracy (for
n = 0, 1, 2). Thus, sufficiently weak repulsive interactions
can hybridize the chiral-ZLL and open a spectral gap at
the triple-Weyl points. The additional two and three
fold degeneracy of the ZLL, respectively in double- and
triple-WSMs stem from the bulk topological invariant of
these two systems. Due to such additional degeneracy of
the one-dimensional chiral-ZLL, we expect that the tran-
sition temperature for the axionic CDW order in these
materials to be higher than that in WSMs (neglecting
the effect of disorder).
Note the ZLLs in double- and triple-WSMs can also be
gaped out by the SDW order. However, in these systems
as well, the SDW order splits the filled LLs. Hence, we
expect that in double- and triple-WSMs the CDW order
is energetically favored over the SDW order.
VI. AXIONIC DENSITY-WAVE, CHIRAL
ANOMALY AND TOPOLOGICAL DEFECTS
Momentum space separation of Weyl nodes gives rise
to a translational symmetry breaking CDW order at weak
coupling in the presence of magnetic fields, which en-
ters Eq. (2) as a complex mass ∆ = m1 + im2 and the
U(1) angle (φ) between m1 and m2 is a dynamic vari-
able. Thus, CDW order in Weyl semimetals represents
an axionic state of matter, proposed several decades ago
in the context of high energy physics [55–57], and more
recently for paired ground states with p + is symmetry
in various three-dimensional doped narrow gap semicon-
ductors, such as CuxBi2Se3, Sn1−xInxTe [58] and and
a parity and time-reversal odd Kondo singlet order in
a strongly correlated topological Kondo insulators [59].
However, experimental detection of axions has remained
elusive thus far. In this paper, we have shown that ax-
ionic phase can be realized in various condensed matter
systems at low-T , such as Dirac (with Zeeman coupling)
and Weyl semimetals, but, for weak repulsive interac-
tions, when these systems are placed in strong magnetic
fields.
The complex axionic mass can be represented as
m(r) = |∆(r)| exp[−iQ · r − iφ(r)], where Q is the
separation of Weyl nodes in the BZ. After a local
chiral transformation on the fermion field Ψ(r) →
Ψ(r) exp[i (Q · r+ φ(r)) γ5/2] the complex mass becomes
real. However, the path integral measure and the action
is not invariant under such chiral transformation [60] and
results in an anomalous magneto-electric term
Sax = n× e
2
32pi2
∫
dt dr µνρλ [Q · r+ φ(r)] Fµν Fρλ,
= n× e
2
4pi2
∫
dt dr [Q · r+ φ(r)]E ·B, (17)
where Fµν is the electro-magnetic field strength tensor.
The coefficient of the magneto-electric term n = 1, 2, 3,
respectively for WSM, double-WSM and triple-WSM.
When magnetic field is applied along z-direction, cor-
responding charge density is given by
j0 =
ne2
4pi2
(qz + ∂zφ) B. (18)
The first term gives rise to layer quantum Hall ef-
fect with thickness 2npi/qz accounting for the contribu-
tion from one-dimensional chiral surface states, resid-
ing at the boundary of WSMs, which can be observed
in ARPES experiments. The second term is new and
arises from contribution of scattered states bound to the
bulk of the WSM, the ZLLs. Decomposing this term as
neB
2pi × e2pi∂zφ, we find that second term is corresponds
to one-dimensional charge-density, while the first one ac-
counts for the degeneracy of ZLL in WSMs (n = 1),
double-WSMs (n = 2) and triple-WSM (n = 3). Effect
of this term shows up only where ∂zφ jumps, i.e., at the
interface of WSMs with vacuum. Hence, the bulk anoma-
lous term Sax gives rise to surface Hall conductivity in
WSMs, and through bulk-boundary correspondence the-
ory remains anomaly free. Therefore, by comparing the
separation of Weyl nodes from ARPES and surface Hall
conductivity one can extract the contribution from the
second term in Sax arising from the bulk axionic CDW
order.
So far, we have discussed the effect of axionic density-
wave in the uniform phase. The U(1) CDW order can
also allow the existence of topological defects, e.g. line
vortex or axion-string, along the z-direction. For simplic-
ity we consider the vorticity to be one and restrict our-
selves in the dilute vortex limit. The line vortex accom-
modates n-number of chiral one-dimensional dispersive
gapless fermionic modes in its core that carries nondissi-
pative electric current in z-direction, determined by one
dimensional chiral anomaly
jz = n× e
2Ez
2pi
, (19)
with n = 1, 2, 3 respectively for WSM, double-WSM and
triple-WSM [61]. This current in turn is pumped from
the bulk radially, which is captured by the bulk axionic
term Sax, according to the Callan-Harvey mechanism
[32, 62]. The exact solution of the dispersive modes can
readily be obtained upon multiplying solutions of precise
zero energy modes bound to a point vortex in the x − y
plane [63], with the plane-wave factor exp(ikzz). Exis-
tence of such one-dimensional gapless dispersive modes
will manifest in a T-linear specific heat in the ordered
phase when it accommodates line-vortex, which is dis-
tinct from T3 specific heat in the normal phase of three-
dimensional WSMs.
VII. SUMMARY AND CONCLUSIONS
To summarize, we here propose that both Dirac and
Weyl semimetals can undergo a weak coupling instability
towards the formation of a CDW order in the presence
of strong magnetic fields. Due to separation of Weyl
nodes, which naturally occurs in WSM and due to the
Zeeman coupling in trivial as well as topological DSM,
the CDW order spontaneously breaks the translational
symmetry and represents an axionic phase of matter. In
this work, we demonstrate the effect of such mass gener-
ation on the renormalization of charge, diamagnetic sus-
ceptibility and also analyzed the scaling behavior of the
spectral gap with the strength of sub-critical interactions
and magnetic field. Similar mechanism has been argued
to be operative in double- and triple-WSMs, where due
to the additional degeneracy of the ZLL a larger gap can
possibly be realized. Furthermore, we staunchly argued
that among that charge- and spin-density waves, both
of which can led to a spectral gap at the Weyl points,
the former one wins energetically since it pushes the
filled LLs down in energy. Thus our proposed axionic
phase of matter can be realized in topological DSMs,
such as Cd2As3 [27], Na3Bi [28], recently found WSMs
in TaAs [33–35], NbAs [36], TaP [37], YbMnBi2 [38],
Sr1−yMnSb2 [39], as well as in various three-dimensional
strong-spin orbit coupled materials, such as Bi2Se3, when
these systems are placed in close vicinity of the quan-
tum critical point between topological and normal insu-
lating phases. In addition, proposals for realizing double-
WSM in HgCr2Se4 [40–42], SrSi2 [43] give a genuine hope
that axionic CDW orders, corrections to DMS, anoma-
lous transport behavior can be observed in various mem-
bers of the Weyl family in near future.
Besides the uniform ground state, we also considered
the role of topological defects in the ordered phase. Due
to the associated U(1) angle in the axionic-CDW phase,
the ordered phase can support line vortex, also known
as axion-string. In the dilute vortex limit with single
vorticity, we show that such defects hosts n-number of
one-dimensional gapless propagating mode, localized in
its core, where n = 1, 2, 3 for WSM, double-WSM and
triple-WSM, respectively. Thus the number of gapless
modes is intimately tied with the topological invariant of
the system. Such dispersive mode carries non-dissipative
electric current which in turn is supplied radially from
the bulk, through the Callan-Harvey mechanism.
As a final remark, we comment on the role of disorder.
Notice that axionic-CDW in Weyl, double- and tripple-
Weyl semimetals breaks the translational symmetry due
to momentum space separation of the Weyl nodes. Most
likely, periodicity of such CDW order is incommensurate
with the lattice periodicity. Therefore, axionic-CDW can
be susceptible to generic disorders [64], which may reduce
the ordering temperature considerably. Nevertheless, we
expect that in sufficiently clean systems and strong mag-
netic fields, a sizable mass gap can be observed at low-T .
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Appendix A: Derivation of gap equation
We devote this Appendix to present a detail derivation of the gap equation, quoted in Eq. (13). The condensation
energy in the presence of CSB mass is given by
E =
∆2
4g
− B
2pi
∫ ∞
−∞
dkz
2pi
√∆2 + k2z + 2∑
n≥1
√
2nB + k2z + ∆
2
 , (A1)
as shown in Eq. (11) in the paper. Minimizing E with respect to ∆ we obtain the gap equation
1
g
=
B
pi
∫ ∞
−∞
dkz
2pi
 1√
∆2 + k2z
+
∑
n≥1
2√
2nB + ∆2 + k2z
 = B
pi3/2
∫ ∞
Λ−2
ds√
s
∫ ∞
−∞
dkz
2pi
e−s(k
2
z+∆
2)
1 + 2∑
n≥1
e−s(2nB)

=
B
pi2
∫ ∞
Λ−2
ds
s
−1
2
+
∑
n≥0
e−s(2nB)
 e−s∆2 = B
pi2
∫ ∞
Λ−2
ds
s
[
e2sB
e2sB − 1 −
1
2
]
e−s∆
2
=
B
2pi2
∫ ∞
Λ−2
ds
s
e−s∆
2
coth(sB).
(A2)
The above gap equation shows ultraviolet (UV) divergence as we take the UV cut-off Λ → ∞. To regulate such
divergence, after taking 2pi2/g → g, we can rewrite the gap equation as
1
g
− Λ2
∫ ∞
0
ds
K(s)
s2
= −
∫ ∞
Λ−2
ds
s2
[
1−Bse−s∆2 coth(sB)
]
, (A3)
where the function K(s) satisfies the asymptotic properties K(s → 0) = 0 and K(s → ∞) = 1, otherwise arbitrary.
In terms of dimensionless variables two ∆/(Λv)→ m, B/Λ2 → B, with m, b 1, the above gap equation reduces to
δ + I1(m,B) + I2(m,B) = 0. (A4)
For weak interactions y = B/m2  1, and expanding the functions I1(m,B) and I2(m,B) for small m and B, as well
as large y, we obtain
I2(m,B) = −B
∫ ∞
1
ds
s
e−s m
2
= B
[
γE + 2 log(m)−m2 + m
4
4
+O(m6)
]
, (A5)
I1(m,B) = 2B
∫ ∞
2B
ds
s2
[
1− se
−s/(2y)
et − 1
]
= 2B
[ ∫ ∞
0
ds
s2
(
1− s+
1
2s
2
es − 1
)
+
1
2
(
1 +
1
y
)∫ ∞
2B
ds
(
1
es − 1
)
− 1
2
· 1
(2y)2
∫ ∞
0
ds
(
s
es − 1
)
+
1
6
· 1
(2y)3
∫ ∞
0
ds
(
s2
es − 1
)
−O(y−4)
]
= 2B
[
0.63− 0.21
y2
+
0.05
y3
+
1
2
(
1 +
1
y
){
− log(2B) +B − B
2
6
}
+O(y−4, B6)
]
, (A6)
(A7)
where
δ =
1
gΛ2
−
∫ ∞
0
ds
K(s)
s2
≡ 1
gΛ2
− 1
Λ2gc
, and
1
gc
= Λ2
∫ ∞
0
ds
K(s)
s2
,
is the zero magnetic field critical strength of the interaction for CSB ordering. Therefore, δ measures the deviation
from the zero magnetic field critical point (δ = 0) and δ > 0 corresponds to subcritical interaction, i.e., g < gc.
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